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A solution is presented for the problem of calculating the heat-removal  
capacity and optimization of a system of radially divergent solid and 
hollow conical pins radiating into space. 

A number  of r e p o r t s  have been publ i shed  on the 
pos s ib i l i t y  of in tensi fying the r emova l  of hea t  f rom 
hea ted  bodies  in a vacuum by means  of f ia t  and an -  
nu la r  r a d i a t o r  f ins [1-4] .  However ,  in those  c a s e s  in 
which the su r face  of the body to be cooled r e s e m b l e s  
a polyhedron o r  a sphere  (for example ,  the ou te r  she l l  
of a low-power  t h e r m a l - e m i s s i o n  or  t h e r m o e l e c t r i c  
g e n e r a t o r  [5]), the h e a t - r e m o v a l  r a d i a t o r  e l emen t s  
need not be  f ins ,  but  may  be pins .  Calcula t ing  the e f f i -  
c iency and op t imiza t ion  of such pins  demands  c o n s i d e r -  
a t ion of the mutual  r ad i a t i ve  in t e rac t ion  ( s e p a r a t e  pins  
of va r ious  shapes  a r e  examined  in [6] and [7]). 

Let us cons ide r  the  p r o b l e m  of ca lcu la t ing  and 
opt imiz ing  a r a d i a t o r  s y s t e m  in which the r a d i a l l y  
d ive rgen t  conical  p ins  r ad ia t ing  into space  a r e  s i tua ted  
on an i s o t h e r m a l  sphe re  to be cooled (Fig .  l a ) .  

Let  us  cons ide r  the ca se  in which: 
1) the r ad ius  of the sphe re  to be cooled- -and  through 

whose cen te r  the axes  of the pins p a s s - - i s  d e t e r -  
mined f rom the condit ion that the b a s e s  of the two 
c loses t  p ins  come into contact  on the su r face  of the 
sphe re  

L 
ro = ; (1) 

2) the pins  a r e  s i tua ted  so that  the points  a t  which 
the i r  axes  i n t e r s e c t  with the su r face  of the sphe re  
r e p r e s e n t  the ap ices  of a r e g u l a r  polyhedron i n s c r i b e d  
within the sphe re .  

We wil l  t r e a t  the p rob l em under  the following a s -  
sumpt ions :  

1. The su r face  of the  body to be cooled that is  f r ee  
of pins is  sma l l  in compa r i son  with the su r face  of the 
pins and we may  t h e r e f o r e  neg lec t  the  mutual  i r r a d i a -  
t ion of the pins and the body to be cooled,  taking into 
cons ide ra t ion  only the mutual  i r r a d i a t i o n  of the pins.  

2. The t e m p e r a t u r e  in the  c r o s s  sec t ion  of the pins 
is  constant ,  and the pin su r f aces  a r e  g r ay  diffusion 
r a d i a t o r s .  

3. The t r a n s f e r  of heat  be tween any two pins of the 
s y s t e m  is  equal to the t r a n s f e r  of hea t  between the 
longitudinal  sec t ions  of these  pins in p lanes  p e r p e n d i c -  
u l a r  to the plane in which the axes  of the pins  l ie  (Fig .  
lb) .  In ca lcu la t ing  the mutual  i r r a d i a t i o n  of the pins ,  
we can r e p l a c e  the body to be cooled by  a polyhedron,  

and the b a s e s  of the pins  m a y  be a s s u m e d  to be p lanes  
(Fig .  lc ) .  

4. The sur rounding  space  is  a b lack  body with ze ro  
t e m p e r a t u r e .  

With cons ide ra t ion  of the foregoing ,  the law of t h e r -  
ma l  r ad i a t i on  and the equation of hea t  conduction along 
the pin wi l l  be  va l id  in the  following form:  

Q = __ ~. d_T_T ~ (L - -  x) ~ tg 2 __a, (2) 
dx 2 

d Q =  - - [E~ f f ( x ) - -Y ,E~nr  (3) 
2 

Since Q = 0 and x = L, Eqs.  (2) and (3) make  i t  p o s s i -  
b le  to de r ive  the fol lowing e x p r e s s i o n  for  the d e t e r -  
mina t ion  of the t e m p e r a t u r e  d i s t r ibu t ion  along the pin: 

dT 2 
- - - - P  x 
dx ~ tg 2 (L -- x) ~ 

L 

J'. x [Eon(x) - -  Z E[.r (x)] (L - -  x) dx = O, (4) 

X 

where  

~ f  (x) = ~,~T' + ( 1 -  ~) y~ E]n ~ (x). (5) 

The boundary  condi t ions for  (4) a r e  

T = To when x ~ O. (6) 

Let  us  find the e x p r e s s i o n  for  EEOc(X) and for  th is  
we wil l  in i t i a l ly  d e t e r m i n e  the quanti ty Ein c z(X) for  
the two pins positioned at an angle Y (Fig. ib). 

We will assume that the density of the incident radi- 
ation is independent of the coordinate y (see Fig. lb) 
and is equal for each value of x to the mean magnitude 
along the strip 2(L - x)tg(ff/2), It is then not difficult 
to demonstrate that the expression for the determina- 
tion of the density of the radiation incident on the pin 
under consideration from all of the adjacent pins will 
have the form 

L 
- -  ~ ~ ~' (Eeff(z) (z r0)(x -}- ro)sin 2 y$ Eine z (X) = -4- dz) x 

q ]  

o 

x ((L - -  x) [(z + to)' + 

+ (x + ro) ~ - -  2 (x + ro) (z+ro) cos Yl"" )"  (7) 

whe re  

~p = [ ( L  - -  z )  + ( L  - -  x)] arctgx 

• 
[(z + ro)~ +(x  +ro) ~ - -  2 (x +ro) (z + ro) cos y]'~ 
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Fig. 1. Radiating sys tem with conical hea t - r emova l  pins: a) over -a l l  view; b) and c) calculation 
of radiative heat exchange between pins; d) hotlow conical pin. 
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- -  [(L - -  z) - -  (L - -  x)] arctgx 

I(z + ro)~ + (x + ro? - -  2 (x + ro) (z + to) cos u ~ ' 

Eeff(z ) = 8u T 4 -~ (1 - -  8) Einr x (z). (8)  

The incident and effective radiat ions  averaged over 
the p e r i m e t e r  at sect ion x wil l  be de te rmined  from the 
re la t ionships  

E]neZ (X) ---~ 1 Eine z(x),  (9)  

E*~n(x) = ea T" + (1 - -  e) E].cz (x). (10) 

If there  is radiant  in teract ion between pin under  con- 
s idera t ion  and a number  of other pins,  in this event we 
will  have 

l 
- -  [Einc z (x) + E l .  c m (x) + Ein c ! (x) + , . . ] ,  (11 )  

where the subscr ip t s  z, ~o, ~, e tc . ,  denote the longi-  
tudinal  coordinates  of the pins with which the pin under  
cons idera t ion  is in radiant  interact ion.  Ein e ~o(X), 
Ein c ~(x), e t c . ,  a r e  de te rmined  f rom the same r e l a -  
t ionship (7), the only difference being that the angle 
between the two pins under  cons idera t ion  mus t  be sub-  
st i tuted for the angle y, and that,  instead of Eeff(z) , 
we must  subst i tute E*ff(z), E~ff(~0), E*ff(O, e tc . ,  
calculated from express ion  (5) (when x = z = 9 -- ~ ; 
E~ff(x) = E*ff(z) = E*ffQ0) = E~ff(~)). Let us  also note 
that for a sys tem with n = 12 and 20, for which the 
angles between the various pins a re  not ident ica l ,  
when y > Ymin the lower l imi t  in express ion  (7) is a 
function of x, whose form is found f rom geomet r ic  
cons idera t ions .  

Analys is  of the der ived re la t ionships  shows that 
the solution of the problem reduces to the solution of 
a sys tem of the two equations (4) and (5) with two un -  

known functions T(x) and E*ff(x). If we introduce the 
following d imens ion less  var iables :  

T . ~__ E to .  x . 

~=~__ ~ = ~  
. ~  L L ' (12) 

the above-der ived  re la t ionships  will become d imen-  
s ionless  and for the p a r a m e t e r s  of the problem for each 
var iant  of the spatial  d is t r ibut ion  of the pins we will 
have: the emiss iv i ty  e, the apex angle a of the pin, 
and the heat-conduct ion pa r a me t e r  

N =  2 a T ~ L  (13) 

By means  of the der ived re la t ionsh ips  we can ca l -  
culate the radiant  power of five radia tor  var ian ts  f rom 
the number  of pins and the i r  spatial  d is t r ibut ion  (in 
accordance with the known regu la r  polyhedrons).  

System (4) and (5) was solved numer ica l ly  on a 
computer  by the method of success ive  approximat ions .  
The solution for the conical pins was found to be a s -  
ymptotic for pins in the form of t runca ted  cones as 
L 1 ~  L ( s e e  Fig.  lb) .  

The resu l t s  of the solution a re  shown in Fig.  2 in 
the form of the re la t ionship  between the efficiency of 
the sys tem and a, ~, and N for varying number s  of 
radia tor  pins.  The efficiency of the sys tem is u n d e r -  
stood to mean  the ra t io  of the actual  radiant  flux to 
that l imi t  flux which would be emit ted by the sys tem 
under  cons idera t ion  in the case of infini tely grea t  
the rmal  conductivity for the ma te r i a l  of the pins and 
in the absence of radiant  in terac t ion  between the pins:  

L 

Qlim = /1, 2J1; (L - -  x) tg - ~  ~ To dx.  

0 

(14) 

The re la t ionships  in Fig.  2 make it possible  to 
de te rmine  the flow of removed heat if the geometr ic  
d imens ions  of the sys tem are  known and if we also 

O.~ ~7 k- 

\ ~ !  \ I a5 " a2 a'~ ' 

aZo a/ a2 a3 o o 0.5 o.s o.z~ a/ az o.3 a~ a5 

Fig.  2. Efficiency of radiat ing sys tem versus  ~ and N for var ious 
numbers  of pins at e = 1 (a) and 0.75 (b). 
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know the values  of e, T 0, and the t h e r m a l  conduct ivi ty  
of the m a t e r i a l  (s ince  in th is  case  a l l  of the p a r a m -  
e t e r s  of the p r o b l e m  a r e  known). The quanti ty ~0 fo r  
each of the cu rves  in F ig .  2 is  d e t e r m i n e d  f rom r e l a -  
t ionship  (1), s ince  a spec i f i c  value of Tmin c o r r e -  
sponds to each number  n of the pins .  

It is  not  diff icul t  to ve r i fy  that  the a b o v e - d e r i v e d  
r e s u l t s  a r e  val id  a l so  fo r  hollow conica l  pins (Fig .  ld)  
in which t h e r e  is  no heat  t r a n s f e r  between the ins ide  
su r f aces  and in which the wal t  th ickness  A v a r i e s  along 
the pin axis  so as  to sa t i s fy  the fol lowing condition: 

(L - -  x) tg _ a  _ 6 

2 

(L --  x) tg - -  
2 

= q~ = const. (15) 

In th is  case ,  us ing  the r e l a t ionsh ips  in F ig .  2, we 
have to r e p l a c e  the p a r a m e t e r  N by N 1 which is d e t e r -  
mined  f rom the r e l a t ionsh ip  

N 
N1 = - -  (16) 

1 - -  q)e 

The r e l a t i onsh ip s  in F ig .  2 make  it pos s ib l e ,  in 
each spec i f i c  case  to op t imize  the r a d i a t o r  s y s t e m  
being inves t iga ted .  

This  p a r t i c u l a r  method of ca lcu la t ion  can be e x -  
tended a l so  to s y s t e m s  in which the va r ious  groups  of 
pins  a r e  s i tua ted  under  d i f ferent  condi t ions dur ing the 
p r o c e s s  of r ad ian t  in te rac t ion .  In th i s  case ,  the in i t ia l  
s y s t e m  of equat ions wil l  include as  many  in t eg rod i f -  
f e r en t i a l  equat ions in the fo rm of (4) and in teg ra l  r e l a -  
t ionships  in the fo rm of (5) as  t he re  a r e  groups  of pins 
di f fer ing f rom each o ther ,  in t e r m s  o f t h e h e a t - b a l a n e e  
condi t ions .  

NOTATION 

Q is the  heat  flux along the pin at  a d i s t ance  x f rom 
i ts  base ;  T O and T a r e  the  t e m p e r a t u r e s  at  the ba se  of 
the pin and at  a d i s tance  x f rom i t s  base ,  r e sp e c t i ve ly ;  

is  the angle at  the pin top; ~ is  the t h e r m a l  conduc-  
t iv i ty;  L and L 1 a r e  the lengths of conical  pin and of 
t runca ted  cone- type  pin,  r e spec t i ve ly ;  T is the angle  

between the pin axes ;  u is the Stefan-Bol tzmarm con- 
stant;  e is  the e m i s s i v i t y  of the pin sur face ;  Eeff(x) 
is  the dens i ty  of the effect ive  rad ia t ion  f rom the longi -  
tudinal  sec t ion  of the pin under  cons ide ra t ion  at a 
d i s t ance  x f rom the pin  base ;  Eeff(z) is  the same  for  
the adjacent  pin (Fig .  lb) ;  Ein c z(X) is the densi ty  of 
the incident  r ad ia t ion  f rom the ad jacent  pin on the lon-  
gi tudinal  sec t ion  of the pin under  cons idera t ion ;  Einc(X) 
is the same ,  a v e r a g e d  with r e s p e c t  to p e r i m e t e r  of the 
pin under  cons ide ra t ion ,  ~E*nc(X) is the dens i ty  of the 
incident  r a d i a t i o n f r o m  a l l  the o t h e r p i n s ,  ave raged  with 
r e s p e c t  to p e r i m e t e r  of the pin under  cons idera t ion ;  
E~ff(x) is  the dens i ty  of the effect ive rad ia t ion  c a l c u -  
l a ted  with account  for  incident  r ad ia t ion  a v e r a g e d  with 
r e s p e c t  to the p e r i m e t e r ;  r 0 is  the rad ius  of the body 
being cooled;  5 is  the wal l  th ickness  of the hollow pin; 
N is the p in ' s  t h e r m a l  conductivi ty;  n is  the number  of 
pins in the r a d i a t o r ;  ~/min is the min imum angle b e -  
tween pin axes  for  a given r ad i a to r ;  0 is  the eff ic iency 
of the rad ia t ing  s y s t e m .  
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